Finite element discretized symplectic method Thermal stress intensity factor Symplectic method Analytical solutions a b s t r a c t A finite element discretized symplectic method is introduced to find the thermal stress intensity factors (TSIFs) under steady-state thermal loading by symplectic expansion. The cracked body is modeled by the conventional finite elements and divided into two regions: near and far fields. In the near field, Hamiltonian systems are established for the heat conduction and thermoelasticity problems respectively. Closed form temperature and displacement functions are expressed by symplectic eigen-solutions in polar coordinates. Combined with the analytic symplectic series and the classical finite elements for arbitrary boundary conditions, the main unknowns are no longer the nodal temperature and displacements but are the coefficients of the symplectic series after matrix transformation. The TSIFs, temperatures, displacements and stresses at the singular region are obtained simultaneously without any post-processing. A number of numerical examples as well as convergence studies are given and are found to be in good agreement with the existing solutions.
Introduction
The study of perfect bodies without cracks was pioneered by great researchers such as Love, Timoshenko and Muskhelishvili. However, the classical strength theory cannot be applied to evaluate the cracked bodies directly. Fracture due to thermal loading is an important area in many industrial applications, especially in aerospace and nuclear engineering. The concentration of stress around cracks often results in catastrophic failure. The possibility of failure of the components can be estimated by calculating the thermal stress intensity factors (TSIFs). Once the TSIF is known, engineering design methods can be used for structure safety optimization. Considerable efforts in finding new analytical and numerical methods have been devoted to the computation of the TSIFs raised by the thermal stresses.
The singular integral equation method was widely used in isothermal anisotropic problems. Itou (2000) solved TSIFs around a crack in an orthotropic layer. The Fourier transform technique was used to reduce the mixed boundary value problem to a set of dual integral equations. Nemat-Alla and Noda (1996) , Chen et al. (2004) investigated the TSIF of a functionally gradient half space and orthotropic strip respectively. Those problems were also reduced to a singular integral equation by using the Fourier transform. Moreover, Singh et al. (2006) extended the singular integral equations method to evaluate the thermal stresses caused by a symmetric indentation of a line crack. The thermal and the elastic problems were reduced to that of solving a set of triple integral equations involving trigonometric kernels.
The weight function method was also a powerful and efficient method for evaluating the TSIFs. Ma and Liao (1994) determined mixed-mode TSIFs for cracked bodies subjected to thermal loadings by using the thermal weight function method. The boundary element method (BEM) was employed to determine thermal weight functions used to evaluate mixed-mode TSIFs. Nabavi and Ghajar (2010) , Ghajar and Nabavi (2010) derived a general weight function by the finite element method (FEM). A closed-form TSIF of a circumferentially cracked cylinder was extracted.
In addition, the complex function method and M-integral method were also available. Tang (2008) solved a line crack in an infinite plate in the framework of thermoelastic theory by the complex function method. The fracture behaviors under Mode I thermal loading was analyzed. Banks-Sills and Dolev (2004) extended the conservative M-integral to treat the mixed mode thermal-elastic problems. TSIFs were obtained for cracks in homogeneous, isotropic materials, as well as isotropic, anisotropic and bimaterials.
Besides the above-mentioned methods, numerical approaches based on FEM and BEM were usually employed. Wilson and Yu (1979) developed a modified J-integral theory and studied TSIFs by FEM combined with J-integral. Yosibash (1995 Yosibash ( , 1998 Sládek (1983, 1984) presented a boundary integral equation formulation of thermoelasticity problems. Fundamental solutions of governing differential equations were given for various problems of thermoelasticity according to the classification made there. Liu and Altiero (1992) developed a new crack integral equation for plane, homogeneous, isotropic, steady-state thermoelasticity problems involving arbitrary internal smooth and/or kinked cracks. Then, BEM was employed to determine TSIFs and relative crack surface displacements due to steady-state temperature distributions. Furthermore, Prasad et al. (1994 Prasad et al. ( , 1996 developed a dual boundary element formulation, which did not require domain discretization allowing a single region analysis for steady-state thermoelastic crack problems. Accurate TSIFs for the crack problem were found by the new dual BEM.
In this paper, a finite element discretized symplectic method (FEDSM) is developed for calculating the TSIFs in linear thermoelastic crack problems. The method consists of two steps. In the first step, the overall cracked body is separated into a finite size singular stress region near the crack tip and a regular region far away from the crack tip, i.e., near field and far field respectively. Both the near and far fields are meshed by any suitable conventional elements. A symplectic dual approach which was first introduced by Leung et al. (2009 ), Yao et al. (2009 ), Lim and Xu (2010 is performed in the near fields. The analytical solution around the crack tip in the near field is solved and expanded in terms of the symplectic eigen-solutions. The temperature, displacement and stress can be analytically represented (Leung et al., 2010a,b) . In the second step, with the available analytical solutions, the temperature and displacement eigenfunction transformations are introduced to the near field so that the large number of nodal displacements there can be reduced effectively to a small set of undetermined coefficients of the symplectic eigen-solutions. Thus, computer storage and solution times are reduced significantly and it is ready for parallel computation. Furthermore, the TSIFs can be determined directly without any post-processing. Finally, we compare the current numerical results and the classical solutions in literature to validate the efficiency and accuracy of the symplectic method. New results are also presented.
The fundamental equation
The FEDSM is based on the separation of the overall cracked elastic body into a near field X N and a far field X F as shown in Fig. 1 . The near field is a finite size singular domain which contains both the singular and regular stresses in adjacence to the crack tip and surface, and the far field is a remaining regular domain. The two fields are separated by the interface boundary C as shown in Fig. 1 . We assume that C is a convex curve between the two fields.
In the near field enclosing singular stresses, the symplectic method is applied. The polar coordinate ðr; hÞ is selected such that the r-axis is along the radial direction with the origin located at the tip of the crack. The corresponding Cartesian coordinates are ðx; yÞ.
The steady-state heat conduction equation in the absence of internal heat source is given by
where T ¼T À T 1 ;Tðr; hÞ is the temperature function, T 1 is the ambient temperature and r
2 is the Laplacian in polar coordinates. Thermal isolation conditions of the crack surfaces are:
where u h is the h-axis heat flux density.
The governing equations of the thermal fracture can be rewritten as
where F 1 and F 2 are the external body forces, r ij are the stresses components and have the relationships:
where a is the coefficient of linear thermal expansion, E and t are Young's modulus and Poisson's ratio, u and v are displacement components along r-axis and h-axis respectively. Besides, the traction free crack conditions can be represented as:
Symplectic eigen-solution of heat conduction problems
The Hamiltonian system for steady-state heat conduction problems will be introduced in this section. According to the Fourier law, the r-and h-axes heat flux densities are given by
where k T is the thermal conductivity. To transform the Lagrangian into the Hamiltonian form, the generalized coordinate g ¼ ln r is taken in analogy to the time coordinate in the classical Hamiltonian mechanics (Leung et al., 2009) 
Hamilton equations of steady-state heat conductions are
where H T is the Hamiltonian operator matrix,
The corresponding boundary conditions, in the Hamiltonian description of Eq. (2) can be represented as h ¼ AEp :
Eq. (7) with boundary conditions (8) can be solved using the method of separation of variables and symplectic eigenexpansion, i.e., let
where l T and W T ðhÞ are eigenpair to be determined from H T W T ðhÞ ¼ l T W T ðhÞ. The general solution can be obtained as (Leung et al., 2010a) :
Substituting the crack conditions (8) into the solutions, one gets
Based on the non-zero solution condition of Eq. (11), the eigenvalues can be obtained by
The eigenvalues are
Thus, the eigen-solutions can be divided into two groups, i.e., zeroeigenvalue eigen-solutions and non-zero-eigenvalue eigensolutions: For zero eigenvalues, the fundamental eigen-solution and first grade Jordan form are which is an important behavior of the Hamiltonian operator matrix. The corresponding eigen-solutions can be written as
where k ¼ a; b, the superscripts ''s'' and ''a'' represented the symmetric and anti-symmetric parts respectively. Finally, all of the eigen-solutions of the steady-state heat conduction problem are achieved. Since the temperature is finite at the crack tip, the eigen-solutions leading to infinite temperature at the crack tip should be neglected. For simplicity, the complete solution of the steady-state heat conduction problem can be expressed as
whereŵ T ¼q TpT È É T denotes all of the zero-eigenvalue and nonzero-eigenvalue eigen-solutions with l ðaÞ T ;l T is the eigenvalue of w T ; c T are the undermined coefficients which can be obtained by the given thermal boundary conditions.
Symplectic eigen-solutions of thermal fracture problems
In Section 3, the temperature functions have been solved analytically. With the aid of the obtained temperature, the thermal fracture problem will be described in the Hamiltonian system. 
Hamilton system
where
. The corresponding crack conditions (5) are rewritten as
Therefore, thermal loading due to temperature change is reduced to body forces F 
where s ij are the generalized stress components in the r-direction. The Hamilton equation is given by (Leung et al., 2009) 
where W ¼ q p f g T is total unknown vector, H and f are the Hamiltonian operator matrix and the non-homogenous part given by
À1 2 6 6 6 6 4 3 7 7 7 7 5 and f ¼ Àe
The boundary conditions in Hamiltonian form are:
The thermal fracture problem is governed by a non-homogenous Hamiltonian equations (21) 
The complete solution can be divided in two:
and lateral boundary conditions (23) are simplified to homogeneous ones, For zero eigenvalues, the eigen-solutions and their principal vectors of the Jordan form are:
and
which are rigid translations along the x-direction and y-direction, a concentrated force at the origin along the x-direction and y-direction respectively.
For non-zero eigenvalues, the eigenvalues are l ¼ i=2
. . .) and the corresponding eigen-solutions are 
where c i are the undermined coefficients.
Particular solutions
The particular solution 
Finite element discretized symplectic method
In this section, the methodology of finite method discretized symplectic methods will be given. The whole cracked body is modeled by the conventional finite element method, N X N and N X F are the number of nodes in the near field X N and the far field X F respectively.
FEDSM for the heat conduction problem
The conventional FEM using any suitable finite elements for heat conductions is expressed as
in which K T is stiffness matrix of the thermal analysis, where T and f T are the temperature and thermal load vectors, subscripts ''F'' and ''N'' represent X F and X N respectively. By using analytical eigen-solutions, the temperature vector can be rewritten as
; c T is the undetermined coefficient vector, i ¼ 1; 2; . . . ; N X N ; j ¼ 1; 2; . . . ; N T ; N T is the number of original variableq T ; ðr i ; h i Þ is the position of the ith node in polar coordinate. Substituting Eq. (37) into Eq. (36), one gets
which is the FEDSM formulation for steady-state heat conduction problems. After solving Eq. (38), the global stiffness matrix which is of order ðN
and the temperature expression (19) is finally achieved.
FEDSM for the thermal fracture problem
Converting the thermal analysis into the corresponding structural analysis, the conventional FEM formulation for the thermal fracture problems is
where K is stiffness matrix of the structural analysis, u ¼ u r u h f g 
Applying the transformation (37), we obtained (41) is the FEDSM formulation for thermal fracture problems and the global stiffness matrix which is of order 2ðN
By solving Eq. (41), we obtain the unknown coefficients c i and the analytical expression of Eq. (30). Since N T and N are far smaller numbers than N X N , solving Eqs. (38) and (41) are much easier than solving Eqs. (36) and (39). (38) and (41) can be obtained individually and each element can be processed in parallel.
Thermal stress intensity factors
From Eq. (35), the stresses near the crack tip can be rewritten as
According to the concept of fracture mechanics, the formulae f stress intensity factors can be evaluated by
Substituting Eq. (42) into Eq. (43), Mode I and Mode II stress intensity factors can be represented by seen that the formulae of Modes I and II stress intensity factors are distinct from that of pure elastic fracture problems (Leung et al., 2009) . Their values are not only dependent on the material constants and coefficients of the symplectic expansion, but also the expression of temperature functions. In another word, the thermal load raised by temperatures has significant influence in the evaluation thermal stress intensity factors.
Results and discussions
In this section, the FEDSM has been programmed and calculated in several examples. The FEM implementation of the present work has been performed in ANSYS 12.1. Six-node triangle elements (Plane77 and Plane183) are used for the thermal and structural analysis, and Young's modulus, Poisson's ratios were taken as E ¼ 1; t ¼ 0:3.
Example 1
A rectangular plate having width 2W and length 2L and a central crack of length 2a is shown in Figs. 2 and 3 . The coefficient of liner thermal expansion a ¼ 0:01. The configuration with L/W = 1.0 is solved for two different sets of boundary conditions representing pure Mode I (Fig. 2) and pure Mode II (Fig. 3) respectively. In Fig. 2 , the rectangular plate is assumed to be fully clamped and subjected by a uniform temperature change, i.e.,
In Fig. 3 , the rectangular plate is free of tractions and the applied thermal boundary conditions are listed below:
In order to check the numerical accuracy and stability, convergence studies on the number of symplectic eigenfunctions are performed for a=W ¼ 0:5. Firstly, the effects of the number of eigenfunction W T on the temperature functions are investigated. It is a matter of interest to compare the temperature fields calculated by FEM at some distance from the crack tip. Specifically, a circular path with the radius 0.02W centered at the crack tip was chosen. The results are plotted in Fig. 4 . It is seen that the present results for the temperature distributions are in excellent agreement with the FEM results when N T P 10. Therefore, 20 terms of W T are used for the thermal fracture analysis in X N . Secondly, the number N of W (for a range of 1-20) is considered in Fig. 5 . The results presented in Fig. 5(a) show that the parameter N does not have a significant effect on the nondimensional K I when N P 5. The same phenomenon can be observed in Fig. 5(b) , the nondimensional K II trends to be stable when N P 15. The results converge asymptotically with increasing numbers of symplectic eigenfunctions used to represent the displacements of X N . For more accuracy results, 20 terms of symplectic expansion series or more are taken to calculated the TSIFs.
Based on the convergence study, 20 terms of the symplectic eigenfunction W T and W are used in the following examples. For the purpose of verification of the results, the exact stress intensity factors have been compared with the results of ANSYS and Prasad et al. in Figs. 6 and 7. From Fig. 7 , it is observed that the stress intensity factors reported by Prasad et al. (1994) were limited by the size dimension of the plate and the crack and they could not deal with the conditions of a=W > 0:6. The results obtained by the present FEDSM are not affected by the geometries or any other the conditions and compare well with that of ANSYS and Prasad et al.'s.
Example 2
In the second example, a fully clamped rectangular plate with an edge crack is considered. The rectangular plate of width W and length L with an edge crack of length a is shown in Figs. 8 and 9 .
The coefficient of liner thermal expansion a ¼ 0:001 and an aspect ratio of L/W = 1.0 are used in the calculation. For a plane strain problem, boundary conditions for the two different problems are:
1. Mode I thermal loading:
Using the parameters stated above, the FEDSM is used to compute the Modes I and II TSIF values. The variations of normalized Modes I and II TSIFs having different crack lengths are shown in Figs. 10 and 11 respectively. It can be seen that the length of the edge crack has an effect on the thermal fracture analysis. K I increases at first with a until about a/W = 0.2 then it deceases. However, K II increases with the crack length monotonically. These phenomena are mainly due to the temperature function. The present FEDSM is an effective computing method for both of the temperature and stress fields.
Example 3
In this example, the proposed method is applied to calculate the TSIFs of multiple cracks. Firstly, the influences of the numbers of cracks are considered. Two-dimensional Mode I plane-strain crack problem of an edge-cracked plate having three different numbers of cracks as shown in Fig. 12 will be analyzed. Assuming the thermal loading and coefficient of liner thermal expansion as Secondly, the mixed mode thermal loading is discussed. The edge cracks on both sides of a fully clamped rectangular plate are shown in Fig. 14 . The crack length, width and height of the plate are taken as a, 2W and 2L, respectively. The applied thermal loading are:
x ¼ W : q x ¼ 1J=ðm 2 sÞ; x ¼ ÀW : q x ¼ 1J=ðm 2 sÞ 
Figs. 15 and 16 illustrate the variations of the dimensionless Modes I and II TSIFs respectively. In Fig. 15 , it can be seen that the values of Mode I TSIFs of crack 1 and 2 are not the same. The results of crack 1 are greater than that of crack 2. On the contrary, Mode II TSIFs of crack 1 and crack 2 have the same values as shown in Fig. 16 . The phenomena are chiefly caused by the distribution of temperature fields. So, it can also be proved that the FEDSM is available for the multiple cracks problems under mixed mode thermal loading.
Conclusion
A new method, which is a variation of the FEM, has been developed for solving the steady-state thermoelasticity fracture mechanics problems. The FEDSM utilizes the symplectic method to generate the analytical solutions in the near field. With the aid of a displacement transformation technique, those large number of displacement unknowns of conventional finite element nodal unknowns are condensed into a handful number of coefficients of eigenfunction expansion. Therefore, the crack tip singular field can be represented by analytical functions; large memory storage requirements are completely avoided. It has three distinct advantages over the standard FEM. Firstly, based on the symplectic eigen-solutions of the near region, the number of unknown variables is reduced to a very low level. This results in reducing the computational time and the memory requirement for fracture analysis of cracked structures. Secondly, no special finite elements and post-processing are needed to determine the TSIFs and the exact solutions in the near fields are obtained at the same time. Thirdly, as the analytical solution is embodied in the transformation, the accuracy of the predicted TSIFs and their derivatives is high. In addition, the parametric study shows that the crack propagation can be arrested by proper applied temperature fields. Therefore, it provides a way to reduce the mechanical singularities and to retard the crack growth. A design can be optimized taking into account of the character of temperature fields in engineering.
